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　The Dirac equation with a linear potential is discussed. The linear potential has often 
been used for the confinement potential of valence quarks. Numerical solutions for 
nonrelativistic bound-state problems have been obtained by many authors. Analytical 
solution of the Schrödinger equation with a linear potential is known as an Airy function 
for zero orbital angular momentum. Those for arbitrary orbital angular momenta have 
also been obtained with the aid of additional potentials.
　We investigate the Dirac equation of a particle with mass moving in a central linear 
potential. The Dirac equation with a vector linear potential has no bound state solution.
The scalar linear potential gives bound state solutions to the Dirac equation. Since the 
potentials depend on only radial coordinate r, the equations of motion can be separeted 
into the radial part and the angular part. The radial wave function is assumed to be of 
an asymptotic form times a polynomial expression of the radial coordinate. Analytical 
solutions are shown to exist when there are some quantitative relations between 
the strength constant of the linear potential and the mass of the particle. We show 
analytical solutions up to the fifth-order expansion of the radial wave function.
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pµ → pµ − V µ(r) (2.1)
m → m+ S(r) (2.2)
V µ(r) = V (r) δµ 0 (2.3)
2
m Dirac












4 Dirac σ 2 Pauli I 0 2
E p r
4 ψ(r) V (r) S(r)
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F (r)− {E − V (r)−m− S(r)}G(r) (2.8)
j = l ± 1
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− {E − V (r)−m− S(r)}G(r) (2.12)
























− {E − V (r) +m+ S(r)}2 {E − V (r)−m− S(r)}G(r) (2.13)
3
S(r) = ar (3.1)
a > 0 r m∗ = m + S(r)






















































α2δ2r2δ−1 = a2r3 (3.7)
δ = 2 4α2 = a2 (3.8)
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ak[k(k − 1)rk−2 − 2βkrk−1 + {−2α(2k + 1) + β2}rk





ak(E +m+ ar)[ k(k − 1)rk−2 − 2βkrk−1
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k−1 − βrk − 2αrk+1)
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2(E −m− ar)rk (3.13)
n∑
k=0
ak[ {k(k − 1)(E +m)− κ(κ+ 1)(E +m)}rk−2
+ {ak(k − 1)− 2βk(E +m)− ak − aκ(κ+ 1)− aκ}rk−1
+ {−2βak − 4αk(E +m)− 2α(E +m) + β2(E +m)
+ aβ + (E +m)2(E −m)}rk
+ {−4aαk − 2aα+ aβ2 + 4αβ(E +m) + 2αa
− a(E +m)2 + 2a(E +m)(E −m)}rk+1
+ {4αβa+ 4α2(E +m) + a2(E −m)− 2a2(E +m)}rk+2







ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2βk(E +m)}rk−1
+ {−aβ(2k − 1)− a(2k + 1)(E +m) + β2(E +m) + (E +m)2(E −m)}rk
+ {−2a2k + aβ2 + 2aβ(E +m)− a(E +m)2 + 2a(E +m)(E −m)}rk+1
+ {2a2β − 2a2m}rk+2 = 0 (3.15)
r rk+2
k a ̸= 0
2β − 2m = 0





ak[ (k + κ)(k − κ− 1)(E +m)rk−2
+ {a(k + κ)(k − κ− 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
6
+ (−2a2k + aE2)rk+1 ] = 0 (3.17)
r κ E
(k = 0) r−2
a0{−κ(κ+ 1)}(E +m) = 0 (3.18)
κ = ±1,±2,±3, · · · · · ·
a0 = 0 κ = −1 E +m = 0 (3.19)
E < 0
E ≥ 0 m = 0 E = 0
E +m > 0 m = 0 E = 0 3.17
n∑
k=0
ak{a(k + κ)(k − κ− 2)rk−1 − am(2k − 1)rk − 2a2krk+1} = 0 (3.20)
rn+1 −2a2nrn+1 0
E +m > 0 κ = −1 a0 = 0 n
4 κ = −1
3.17 κ = −1
n∑
k=0
ak[ k(k − 1)(E +m)rk−2 + {a(k − 1)2 − 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (4.1)





−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ] = 0 (4.3)


















2(E −m− ar)rk (3.13)
n∑
k=0
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r rk+2
k a ̸= 0
2β − 2m = 0





ak[ (k + κ)(k − κ− 1)(E +m)rk−2
+ {a(k + κ)(k − κ− 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
6
+ (−2a2k + aE2)rk+1 ] = 0 (3.17)
r κ E
(k = 0) r−2
a0{−κ(κ+ 1)}(E +m) = 0 (3.18)
κ = ±1,±2,±3, · · · · · ·
a0 = 0 κ = −1 E +m = 0 (3.19)
E < 0
E ≥ 0 m = 0 E = 0
E +m > 0 m = 0 E = 0 3.17
n∑
k=0
ak{a(k + κ)(k − κ− 2)rk−1 − am(2k − 1)rk − 2a2krk+1} = 0 (3.20)
rn+1 −2a2nrn+1 0
E +m > 0 κ = −1 a0 = 0 n
4 κ = −1
3.17 κ = −1
n∑
k=0
ak[ k(k − 1)(E +m)rk−2 + {a(k − 1)2 − 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (4.1)





−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ] = 0 (4.3)
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4.2 n = 1 a1 ̸= 0
k = 0 k = 1
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ] = 0 (4.4)
r−1 a ̸= 0 a0 = 0
a1 r
0
m(E +m) = 0 (4.5)
E +m ̸= 0 m = 0
r2
−2a2 + aE2 = a(−2a+ E2) = 0 (4.6)
a ̸= 0 E2 = 2a r1
−am− 3a(E +m) + E2(E +m) = 0 (4.7)
m = 0 E2 = 2a
−3aE + 2aE = −aE ̸= 0 (4.8)
4.3 n = 2 a2 ̸= 0
k = 0 1 2 4.1
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
= 0 (4.9)
r3
a2(−4a2 + aE2) = 0 (4.10)
a2 ̸= 0 a ̸= 0
E2 = 4a (4.11)
a ̸= 0 r−1 a0 = 0
8
r0
a1{−2m(E +m)}+ a2{2(E +m)} = 0 (4.12)
(−2a1m+ 2a2)(E +m) = 0 (4.13)
E +m > 0
a1m− a2 = 0 (4.14)
r1
a1{−am− 3a(E +m) + E2(E +m)}+ a2{a− 4m(E +m)} = 0 (4.15)
a1m = a2
(−3a+ E2 − 4m2)(E +m) = 0 (4.16)
E +m > 0 E2 = 4a
a = 4m2 (4.17)
r2
a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)} = 0 (4.18)
a2 = ma1 E
2 = 4a
2a2 − 3am2 − am(E +m) = 0 (4.19)
a ̸= 0 a = 4m2
4m2 = mE (4.20)
m = 0 a = 4m2 a 0 m ̸= 0
E = 4m
κ = −1 a2 = ma1 a0 = 0 a = 4m2 (4.21)
G(r) = a1(r +mr
2)e−2m
2r2−mr (4.22)




a m a = 4m2
9
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4.4 n = 3 a3 ̸= 0
k = 0, 1, 2, 3
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
= 0 (4.24)
r−1 a0 = 0 r
0 4.3
a1{−2m(E +m)}+ a2{2(E +m)} = 0 (4.25)
E +m > 0
a2 = ma1 (4.26)
r4
−6a2 + aE2 = 0 (4.27)
a ̸= 0
E2 = 6a (4.28)
r1
a1{−am− 3a(E +m) + E2(E +m)}
+ a2{a− 4m(E +m)}+ a3{6(E +m)} = 0 (4.29)
a2 = ma1
a1(E +m)(−3a+ E2 − 4m2) + 6a3(E +m) = 0 (4.30)












a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{4a− 6m(E +m)} = 0 (4.33)
a2 = ma1 a3 =
1
6
(−3a+ 4m2)a1 E2 = 6a
(E2 −m2)a+ 12(a−m2)m(E +m) = 0 (4.34)
E +m ̸= 0
aE = m(12m2 − 11a) (4.35)
r3










am2)(E +m) = 0 (4.37)
a ̸= 0
(3a− 4m2)E = −30am+ 24m3 (4.38)
m = 0 4.35 E = 0 m ̸= 0 4.35 4.38






m2 > 0 (4.40)
4.35 E
E = (−4∓ 2
√
10)m (4.41)






















4.4 n = 3 a3 ̸= 0
k = 0, 1, 2, 3
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
= 0 (4.24)
r−1 a0 = 0 r
0 4.3
a1{−2m(E +m)}+ a2{2(E +m)} = 0 (4.25)
E +m > 0
a2 = ma1 (4.26)
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a2 = ma1 a3 =
1
6
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E +m ̸= 0
aE = m(12m2 − 11a) (4.35)
r3










am2)(E +m) = 0 (4.37)
a ̸= 0
(3a− 4m2)E = −30am+ 24m3 (4.38)
m = 0 4.35 E = 0 m ̸= 0 4.35 4.38






m2 > 0 (4.40)
4.35 E
E = (−4∓ 2
√
10)m (4.41)
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n = 3










m2 ∼ 0.90m2 (4.43)











6a = (−4 + 2
√
10)m ∼ 2.32m (4.45)
4.5 n = 4 a4 ̸= 0
k = 0, 1, 2, 3, 4
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
+ a4[ 12(E +m)r
2 + {9a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4 + (−8a2 + aE2)r5 ]
= 0 (4.46)
r−1 r0 r1 4.4




(3a− E2 + 4m2)a1 (4.48)
r5
−8a2 + aE2 = 0 (4.49)
a ̸= 0










a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{4a− 6m(E +m)}+ a4{12(E +m)} = 0 (4.52)













am2 + (8am− 4m3)(E +m)}+ 12(E +m)a4 = 0 (4.53)











a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{9a− 8m(E +m)} = 0 (4.55)
































m4)(E +m) = 0 (4.56)















m4 = 0 (4.57)
20amE = 39a2 − 196am2 + 96m4 (4.58)
r4














m2 ∼ 0.90m2 (4.43)











6a = (−4 + 2
√
10)m ∼ 2.32m (4.45)
4.5 n = 4 a4 ̸= 0
k = 0, 1, 2, 3, 4
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
+ a4[ 12(E +m)r
2 + {9a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4 + (−8a2 + aE2)r5 ]
= 0 (4.46)
r−1 r0 r1 4.4




(3a− E2 + 4m2)a1 (4.48)
r5
−8a2 + aE2 = 0 (4.49)
a ̸= 0










a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)}
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am2 + (8am− 4m3)(E +m)}+ 12(E +m)a4 = 0 (4.53)











a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{9a− 8m(E +m)} = 0 (4.55)
































m4)(E +m) = 0 (4.56)















m4 = 0 (4.57)
20amE = 39a2 − 196am2 + 96m4 (4.58)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)} = 0 (4.59)
13














× {−7am− 9a(E +m) + 8a(E +m)} = 0 (4.60)
a ̸= 0
(31am− 12m3)E = 52a2 − 232am2 + 96m4 (4.61)



































κ = −1 r4


















169a3 − 1904a2m2 + 3408am4 − 1152m6 = 0 (4.64)
a = 0.44m2, 1.68m2, 9.14m2 (4.65)
E = 1.88m, −3.67m, 8.55m (4.66)
2 E < 0
14





















1.88m for a = 0.44m2
8.55m for a = 9.14m2
(4.68)
4.6 n = 5 a5 ̸= 0
k = 0, 1, 2, 3, 4, 5
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
+ a4[ 12(E +m)r
2 + {9a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4 + (−8a2 + aE2)r5 ]
+ a5[ 20(E +m)r
3 + {16a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5 + (−10a2 + aE2)r6 ]
= 0 (4.69)
r−1 r0 r1 4.5
a0 = 0 a2 = ma1 a3 =
1
6
(3a− E2 + 4m2)a1
r6
−10a2 + aE2 = 0 (4.70)
a ̸= 0























× {−7am− 9a(E +m) + 8a(E +m)} = 0 (4.60)
a ̸= 0
(31am− 12m3)E = 52a2 − 232am2 + 96m4 (4.61)



































κ = −1 r4


















169a3 − 1904a2m2 + 3408am4 − 1152m6 = 0 (4.64)
a = 0.44m2, 1.68m2, 9.14m2 (4.65)
E = 1.88m, −3.67m, 8.55m (4.66)
2 E < 0
14





















1.88m for a = 0.44m2
8.55m for a = 9.14m2
(4.68)
4.6 n = 5 a5 ̸= 0
k = 0, 1, 2, 3, 4, 5
a0[ ar
−1 + {am− a(E +m) + E2(E +m)}r0 + aE2r1 ]
+ a1[−2m(E +m)r0 + {−am− 3a(E +m) + E2(E +m)}r1
+ (−2a2 + aE2)r2 ]
+ a2[ 2(E +m)r
0 + {a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2 + (−4a2 + aE2)r3 ]
+ a3[ 6(E +m)r
1 + {4a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3 + (−6a2 + aE2)r4 ]
+ a4[ 12(E +m)r
2 + {9a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4 + (−8a2 + aE2)r5 ]
+ a5[ 20(E +m)r
3 + {16a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5 + (−10a2 + aE2)r6 ]
= 0 (4.69)
r−1 r0 r1 4.5
a0 = 0 a2 = ma1 a3 =
1
6
(3a− E2 + 4m2)a1
r6
−10a2 + aE2 = 0 (4.70)
a ̸= 0
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r2
a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{4a− 6m(E +m)}+ a4{12(E +m)} = 0 (4.73)











a(E2 −m2) + (12am− 4m3)(E +m)}+ 12(E +m)a4 = 0 (4.74)











a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{9a− 8m(E +m)}+ a5{20(E +m)} = 0 (4.76)

































× (E +m)}+ 20a5(E +m) = 0 (4.77)













a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}









































m5)(E +m) = 0 (4.80)
E +m ̸= 0
(70a2 − 172am2)E = −1055a2m+ 1748am3 − 480m5 (4.81)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (4.82)
(175a2 − 540am2 + 96m4)E = −2550a2m+ 3880am3 − 960m5 (4.83)






























(70a2 − 172am2)(−2550a2m+ 3880am3 − 960m5)
= (−1055a2m+ 1748am3 − 480m5)(175a2 − 540am2 + 96m4) (4.84)
m ̸= 0




a1(−2a2 + aE2) + a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{4a− 6m(E +m)}+ a4{12(E +m)} = 0 (4.73)











a(E2 −m2) + (12am− 4m3)(E +m)}+ 12(E +m)a4 = 0 (4.74)











a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{9a− 8m(E +m)}+ a5{20(E +m)} = 0 (4.76)

































× (E +m)}+ 20a5(E +m) = 0 (4.77)













a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}









































m5)(E +m) = 0 (4.80)
E +m ̸= 0
(70a2 − 172am2)E = −1055a2m+ 1748am3 − 480m5 (4.81)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (4.82)
(175a2 − 540am2 + 96m4)E = −2550a2m+ 3880am3 − 960m5 (4.83)






























(70a2 − 172am2)(−2550a2m+ 3880am3 − 960m5)
= (−1055a2m+ 1748am3 − 480m5)(175a2 − 540am2 + 96m4) (4.84)
m ̸= 0
6125a4 − 165400a3m2 + 394640a2m4 − 261888am6 + 46080m8 = 0 (4.85)
17
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m2 E = 4m
a = 0.28m2 E = 1.68m
a = 0.68m2 E = −2.63m,
a = 24.44m2 E = −15.65m
















































κ = −1 r5










































1225a3 − 31120a2m2 + 29136am4 − 5760m6 = 0 (4.92)
3 a = 0.28m2
18









































1.68m for a = 0.28m2












8a · · · · · ·
E =
√
2na ( n = 2, 3, 4, · · · · · · )
n
5 a0 = 0
3.19 κ = −1 a0 = 0
κ = −1
a0 = 0 κ ̸= −1 a0 = 0
a0 = 0 3.17
n∑
k=1
ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (5.1)
r−1
a1{−κ(κ+ 1)}(E +m) = 0 (5.2)
E +m ̸= 0 κ = ±1,±2,±3, · · · · · ·
a1 = 0 κ = −1 (5.3)
κ = −1 a1 = 0
19
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m2 E = 4m
a = 0.28m2 E = 1.68m
a = 0.68m2 E = −2.63m,
a = 24.44m2 E = −15.65m
















































κ = −1 r5










































1225a3 − 31120a2m2 + 29136am4 − 5760m6 = 0 (4.92)
3 a = 0.28m2
18









































1.68m for a = 0.28m2












8a · · · · · ·
E =
√
2na ( n = 2, 3, 4, · · · · · · )
n
5 a0 = 0
3.19 κ = −1 a0 = 0
κ = −1
a0 = 0 κ ̸= −1 a0 = 0
a0 = 0 3.17
n∑
k=1
ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (5.1)
r−1
a1{−κ(κ+ 1)}(E +m) = 0 (5.2)
E +m ̸= 0 κ = ±1,±2,±3, · · · · · ·
a1 = 0 κ = −1 (5.3)
κ = −1 a1 = 0
19
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a1 = 0 5.1
n∑
k=2
ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (5.4)
r0
a2{2− κ(κ+ 1)}(E +m) = −a2(κ+ 2)(κ− 1)(E +m) = 0 (5.5)
E +m ̸= 0
a2 = 0 κ = −2 κ = +1 (5.6)
6 κ = −2
a0 = a1 = 0 κ = −2 5.4
n∑
k=2
ak[ {k(k − 1)− 2}(E +m)rk−2
+ {ak(k − 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (6.1)
6.1 n = 2 a2 ̸= 0
k = 2
{−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 = 0 (6.2)
r1
−4m(E +m) = 0 (6.3)
E +m ̸= 0 m = 0 m = 0 r2
−5aE + E3 = 0 (6.4)
E2 = 5a r3 a ̸= 0
E2 = 4a (6.5)
20
6.2 n = 3 a3 ̸= 0
k = 2, 3 κ = −2
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (6.6)
r4
−6a2 + aE2 = 0 (6.7)
a ̸= 0
E2 = 6a (6.8)
r1
a2{−4m(E +m)}+ 4a3(E +m) = 0 (6.9)
E +m ̸= 0
a3 = ma2 (6.10)
r2
a2{−3am− 5a(E +m) + E2(E +m)}+ a3{3a− 6m(E +m)} = 0 (6.11)
a3 = ma2 E
2 = 6a
a2(a− 6m2)(E +m) = 0 (6.12)
a2 ̸= 0 E +m ̸= 0
a = 6m2 (6.13)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)} = 0 (6.14)
a3 = ma2 E
2 = 6a
a2a(2a− 6m2 −mE) = 0 (6.15)
21
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a1 = 0 5.1
n∑
k=2
ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (5.4)
r0
a2{2− κ(κ+ 1)}(E +m) = −a2(κ+ 2)(κ− 1)(E +m) = 0 (5.5)
E +m ̸= 0
a2 = 0 κ = −2 κ = +1 (5.6)
6 κ = −2
a0 = a1 = 0 κ = −2 5.4
n∑
k=2
ak[ {k(k − 1)− 2}(E +m)rk−2
+ {ak(k − 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (6.1)
6.1 n = 2 a2 ̸= 0
k = 2
{−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 = 0 (6.2)
r1
−4m(E +m) = 0 (6.3)
E +m ̸= 0 m = 0 m = 0 r2
−5aE + E3 = 0 (6.4)
E2 = 5a r3 a ̸= 0
E2 = 4a (6.5)
20
6.2 n = 3 a3 ̸= 0
k = 2, 3 κ = −2
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (6.6)
r4
−6a2 + aE2 = 0 (6.7)
a ̸= 0
E2 = 6a (6.8)
r1
a2{−4m(E +m)}+ 4a3(E +m) = 0 (6.9)
E +m ̸= 0
a3 = ma2 (6.10)
r2
a2{−3am− 5a(E +m) + E2(E +m)}+ a3{3a− 6m(E +m)} = 0 (6.11)
a3 = ma2 E
2 = 6a
a2(a− 6m2)(E +m) = 0 (6.12)
a2 ̸= 0 E +m ̸= 0
a = 6m2 (6.13)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)} = 0 (6.14)
a3 = ma2 E
2 = 6a
a2a(2a− 6m2 −mE) = 0 (6.15)
21
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a2 ̸= 0 a ̸= 0 a = 6m2
E = 6m (6.16)
E2 = 6a a = 6m2










κ = −1 n = 2 r 1
E = 4m E = 6m
a = 4m2 a = 6m2
6.3 n = 4 a4 ̸= 0
k = 2, 3, 4
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (6.20)
r5
a4(−8a2 + aE2) = 0 (6.21)
a4 ̸= 0 a ̸= 0
E2 = 8a (6.22)
22
r1
a2{−4m(E +m)}+ a3{4(E +m)} = 0 (6.23)
E +m ̸= 0
a3 = ma2 (6.24)
r2 E2 = 8a
a2{−3am+ 3a(E +m)}+ a3{3a− 6m(E +m)}
+ 10a4(E +m) = 0 (6.25)
a3 = ma2 E +m ̸= 0
10a4 = (6m
2 − 3a)a2 (6.26)
r3 E2 = 8a
4a2a2 + a3{−5am+ a(E +m)}+ a4{8a− 8m(E +m)} = 0 (6.27)
a3 = ma2 a4 =
3
10
(2m2 − a)a2 a2 ̸= 0 E +m ̸= 0
aE = −16am+ 24m3 (6.28)
r4 E2 = 8a
2a2a3 + a4{−7am− a(E +m)} = 0 (6.29)




3(2m2 − a)E = 44am− 48m3 (6.30)
6.28 m ̸= 0
a2 − 30am2 + 36m4 = 0 (6.31)

















a2 ̸= 0 a ̸= 0 a = 6m2
E = 6m (6.16)
E2 = 6a a = 6m2










κ = −1 n = 2 r 1
E = 4m E = 6m
a = 4m2 a = 6m2
6.3 n = 4 a4 ̸= 0
k = 2, 3, 4
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (6.20)
r5
a4(−8a2 + aE2) = 0 (6.21)
a4 ̸= 0 a ̸= 0
E2 = 8a (6.22)
22
r1
a2{−4m(E +m)}+ a3{4(E +m)} = 0 (6.23)
E +m ̸= 0
a3 = ma2 (6.24)
r2 E2 = 8a
a2{−3am+ 3a(E +m)}+ a3{3a− 6m(E +m)}
+ 10a4(E +m) = 0 (6.25)
a3 = ma2 E +m ̸= 0
10a4 = (6m
2 − 3a)a2 (6.26)
r3 E2 = 8a
4a2a2 + a3{−5am+ a(E +m)}+ a4{8a− 8m(E +m)} = 0 (6.27)
a3 = ma2 a4 =
3
10
(2m2 − a)a2 a2 ̸= 0 E +m ̸= 0
aE = −16am+ 24m3 (6.28)
r4 E2 = 8a
2a2a3 + a4{−7am− a(E +m)} = 0 (6.29)




3(2m2 − a)E = 44am− 48m3 (6.30)
6.28 m ̸= 0
a2 − 30am2 + 36m4 = 0 (6.31)
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r1
a2{−4m(E +m)}+ 4a3(E +m) = 0 (6.41)
E +m ̸= 0
a3 = ma2 (6.42)
r2
a2{−3am− 5a(E +m) + E2(E +m)}+ a3{3a− 6m(E +m)}
+ a4{10(E +m)} = 0 (6.43)
E2 = 10a a3 = ma2 E +m ̸= 0
10a4 = (6m
2 − 5a)a2 (6.44)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{8a− 8m(E +m)}+ a5{18(E +m)} = 0 (6.45)







a(E2 −m2) + (7am− 24
5
m3)(E +m)}
+ 18a5(E +m) = 0 (6.46)




a(E −m) + 7am− 24
5
m3}+ 18a5 = 0 (6.47)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{15a− 10m(E +m)} = 0 (6.48)












(6am2 − 5a2)(E +m)}
+ a5{15a− 10m(E +m)} = 0 (6.49)
25
E > 0 E = (−6 + 2
√









κ = −2 r4


















8a = (−6 + 2
√
21)m ∼ 3.165m (6.37)
6.4 n = 5 a5 ̸= 0
k = 2, 3, 4, 5
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 18(E +m)r
3 + {15a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (6.38)
r6
a5(−10a2 + aE2) = 0 (6.39)
a ̸= 0 a5 ̸= 0




a2{−4m(E +m)}+ 4a3(E +m) = 0 (6.41)
E +m ̸= 0
a3 = ma2 (6.42)
r2
a2{−3am− 5a(E +m) + E2(E +m)}+ a3{3a− 6m(E +m)}
+ a4{10(E +m)} = 0 (6.43)
E2 = 10a a3 = ma2 E +m ̸= 0
10a4 = (6m
2 − 5a)a2 (6.44)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{8a− 8m(E +m)}+ a5{18(E +m)} = 0 (6.45)







a(E2 −m2) + (7am− 24
5
m3)(E +m)}
+ 18a5(E +m) = 0 (6.46)




a(E −m) + 7am− 24
5
m3}+ 18a5 = 0 (6.47)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{15a− 10m(E +m)} = 0 (6.48)












(6am2 − 5a2)(E +m)}
+ a5{15a− 10m(E +m)} = 0 (6.49)
25
E > 0 E = (−6 + 2
√









κ = −2 r4


















8a = (−6 + 2
√
21)m ∼ 3.165m (6.37)
6.4 n = 5 a5 ̸= 0
k = 2, 3, 4, 5
a2[ {−4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 18(E +m)r
3 + {15a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (6.38)
r6
a5(−10a2 + aE2) = 0 (6.39)
a ̸= 0 a5 ̸= 0
E2 = 10a (6.40)
24
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r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (6.50)
a
5
(6m2 − 5a)a2 = {9m+ (E +m)}a5 (6.51)
6.51 6.49




(5a− 6m2)(5a− 4m2)a2 = 5(a+ 2m2)(5a− 6m2)a5
5a = 6m2 6.51 a5 = 0
−3am(5a− 4m2)a2 = 25(a+ 2m2)a5 (6.53)
6.51 6.47
20a2 − 101am2 + 54m4 − (11am− 6m3)(E +m) = 0 (6.54)
6.52 6.54
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (6.55)
6.55
a = 0.59m2, 2.29m2, 10.73m2 (6.56)
6.54
E = 2.42m, −4.78m, 10.36m (6.57)
E > 0 E > 0 E =
√
10a
κ = −2 r5








25a3 − 340a2m2 + 804am4 − 360m6 = 0 (6.58)
a = 0.587m2 E =
√
10a = 2.42m













7 κ = +1
a1 = 0 κ = +1 5.4
n∑
k=2
ak[ {k(k − 1)− 2}(E +m)rk−2
+ {ak(k − 2)− 3a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (7.1)
7.1 n = 2 a2 ̸= 0
k = 2 7.1
{−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 = 0 (7.2)
r1
−3a− 4m(E +m) = 0 (7.3)





−m < 0 (7.4)
a > 0 m > 0 E > 0
7.2 n = 3 a3 ̸= 0
k = 2, 3




a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (6.50)
a
5
(6m2 − 5a)a2 = {9m+ (E +m)}a5 (6.51)
6.51 6.49




(5a− 6m2)(5a− 4m2)a2 = 5(a+ 2m2)(5a− 6m2)a5
5a = 6m2 6.51 a5 = 0
−3am(5a− 4m2)a2 = 25(a+ 2m2)a5 (6.53)
6.51 6.47
20a2 − 101am2 + 54m4 − (11am− 6m3)(E +m) = 0 (6.54)
6.52 6.54
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (6.55)
6.55
a = 0.59m2, 2.29m2, 10.73m2 (6.56)
6.54
E = 2.42m, −4.78m, 10.36m (6.57)
E > 0 E > 0 E =
√
10a
κ = −2 r5








25a3 − 340a2m2 + 804am4 − 360m6 = 0 (6.58)
a = 0.587m2 E =
√
10a = 2.42m













7 κ = +1
a1 = 0 κ = +1 5.4
n∑
k=2
ak[ {k(k − 1)− 2}(E +m)rk−2
+ {ak(k − 2)− 3a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (7.1)
7.1 n = 2 a2 ̸= 0
k = 2 7.1
{−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 = 0 (7.2)
r1
−3a− 4m(E +m) = 0 (7.3)





−m < 0 (7.4)
a > 0 m > 0 E > 0
7.2 n = 3 a3 ̸= 0
k = 2, 3
a2[ {−3a− 4m(E +m)}r1
27
 線形ポテンシャルを持つ Dirac 方程式の束縛解 123
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (7.5)
r4
−6a2 + aE2 = 0 (7.6)
a ̸= 0
E2 = 6a (7.7)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.8)
r2
a2{−3am− 5a(E +m) + E2(E +m)}





am− 5a(E +m)− 6m2(E +m) + E2(E +m)} = 0
a2 = 0 a3 = 0 a2 ̸= 0 E2 = 6a





+ a3{−5am− 7a(E +m) + E2(E +m)} = 0 (7.11)
E2 = 6a a ̸= 0
2a2a2 − (6am+ aE)a3 = 0 (7.12)
7.8
(5a− 28m2)E = 34am+ 24m3 (7.13)
28
7.10 m ̸= 0



















































6a ∼ 10.32m (7.21)
7.3 n = 4 a4 ̸= 0
k = 2, 3, 4
a2[ {−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
29
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+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {3a− 3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (7.5)
r4
−6a2 + aE2 = 0 (7.6)
a ̸= 0
E2 = 6a (7.7)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.8)
r2
a2{−3am− 5a(E +m) + E2(E +m)}





am− 5a(E +m)− 6m2(E +m) + E2(E +m)} = 0
a2 = 0 a3 = 0 a2 ̸= 0 E2 = 6a





+ a3{−5am− 7a(E +m) + E2(E +m)} = 0 (7.11)
E2 = 6a a ̸= 0
2a2a2 − (6am+ aE)a3 = 0 (7.12)
7.8
(5a− 28m2)E = 34am+ 24m3 (7.13)
28
7.10 m ̸= 0



















































6a ∼ 10.32m (7.21)
7.3 n = 4 a4 ̸= 0
k = 2, 3, 4
a2[ {−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
29
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+ a4[ 10(E +m)r
2 + {8a− 3a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (7.22)
r5
E2 = 8a (7.23)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.24)
r2
a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{−6m(E +m)}+ 10a4(E +m) = 0 (7.25)
E2 = 8a
a2{−3am+ 3a(E +m)}+ a3{−6m(E +m)}
+ 10a4(E +m) = 0 (7.26)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)} = 0 (7.27)
E2 = 8a
4a2a2 + a3{−5am+ a(E +m)}+ a4{5a− 8m(E +m)} = 0 (7.28)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)} = 0 (7.29)
E2 = 8a a ̸= 0
2aa3 + a4{−7m− (E +m)} = 0 (7.30)
7.26 7.28 a2
12a{−m2 − 2a−m(E +m)}a3
30
+ {207am− 24m3 + (25a+ 24m2)(E +m)}a4 = 0 (7.31)
7.30
60m3 − 75am+ (36m2 − 13a)(E +m) = 0 (7.32)
7.24 E +m
(13a2 − 136am2 + 80m4)a2 = 20m(4m2 − 5a)a3 (7.33)
a3 a2
7.24 7.26 a3
3{5am− 2a(E +m) + 4m2(E +m)}a2 = 20(E +m)a4 (7.34)
7.28 7.30 a3
4a2a2 = 3{6m2 − 3a+ 2m(E +m)}a4 (7.35)
7.34 7.35
9m(47a2 − 98am2 + 8m4) = 2(−13a2 − 99am2 + 180m4)(E +m) (7.36)
7.32 E
1183a3 − 13328a2m2 + 23856am4 − 8064m6 = 0 (7.37)
7.32
(36m2 − 13a)E = 88am− 96m3 (7.38)
7.36
(−13a2 − 99am2 + 180m4)E = 449
2














a = 0.44m2, 1.68m2, 9.14m2 (7.41)
7.40




+ a4[ 10(E +m)r
2 + {8a− 3a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (7.22)
r5
E2 = 8a (7.23)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.24)
r2
a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{−6m(E +m)}+ 10a4(E +m) = 0 (7.25)
E2 = 8a
a2{−3am+ 3a(E +m)}+ a3{−6m(E +m)}
+ 10a4(E +m) = 0 (7.26)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)} = 0 (7.27)
E2 = 8a
4a2a2 + a3{−5am+ a(E +m)}+ a4{5a− 8m(E +m)} = 0 (7.28)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)} = 0 (7.29)
E2 = 8a a ̸= 0
2aa3 + a4{−7m− (E +m)} = 0 (7.30)
7.26 7.28 a2
12a{−m2 − 2a−m(E +m)}a3
30
+ {207am− 24m3 + (25a+ 24m2)(E +m)}a4 = 0 (7.31)
7.30
60m3 − 75am+ (36m2 − 13a)(E +m) = 0 (7.32)
7.24 E +m
(13a2 − 136am2 + 80m4)a2 = 20m(4m2 − 5a)a3 (7.33)
a3 a2
7.24 7.26 a3
3{5am− 2a(E +m) + 4m2(E +m)}a2 = 20(E +m)a4 (7.34)
7.28 7.30 a3
4a2a2 = 3{6m2 − 3a+ 2m(E +m)}a4 (7.35)
7.34 7.35
9m(47a2 − 98am2 + 8m4) = 2(−13a2 − 99am2 + 180m4)(E +m) (7.36)
7.32 E
1183a3 − 13328a2m2 + 23856am4 − 8064m6 = 0 (7.37)
7.32
(36m2 − 13a)E = 88am− 96m3 (7.38)
7.36
(−13a2 − 99am2 + 180m4)E = 449
2














a = 0.44m2, 1.68m2, 9.14m2 (7.41)
7.40
E = −1.88m, 3.67m, −8.55m (7.42)
E >
31
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7.33
a3 =





43a2 − 120am2 + 48m4
20(4m2 − 5a)
a2 (7.44)
a0 = a1 = 0
a3 =




43a2 − 120am2 + 48m4
20(4m2 − 5a)
a2
1183a3 − 13328a2m2 + 23856am4 − 8064m6 = 0 (7.45)
E > 0









8a = 3.67m (7.48)
7.4 n = 5 a5 ̸= 0
k = 2, 3, 4, 5
a2[ {−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {5a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
32
+ (−8a2 + aE2)r5 ]
+ a5[ 18(E +m)r
3 + {15a− 3a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (7.49)
r6
E2 = 10a (7.50)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.51)
r2
a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{−6m(E +m)}+ a4{10(E +m)} = 0 (7.52)
E2 = 10a
a2{−3am+ 5a(E +m)} − 6a3m(E +m)
+ 10a4(E +m) = 0 (7.53)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)}+ 18a5(E +m) = 0 (7.54)
E2 = 10a
6a2a2 + a3{−5am+ 3a(E +m)}
+ a4{5a− 8m(E +m)}+ 18a5(E +m) = 0 (7.55)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{12a− 10m(E +m)} = 0 (7.56)
4a2a3 + a4{−7am+ a(E +m)}+ a5{12a− 10m(E +m)} = 0 (7.57)
r5










43a2 − 120am2 + 48m4
20(4m2 − 5a)
a2 (7.44)
a0 = a1 = 0
a3 =




43a2 − 120am2 + 48m4
20(4m2 − 5a)
a2
1183a3 − 13328a2m2 + 23856am4 − 8064m6 = 0 (7.45)
E > 0









8a = 3.67m (7.48)
7.4 n = 5 a5 ̸= 0
k = 2, 3, 4, 5
a2[ {−3a− 4m(E +m)}r1
+ {−3am− 5a(E +m) + E2(E +m)}r2
+ (−4a2 + aE2)r3 ]
+ a3[ 4(E +m)r
1 + {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 10(E +m)r
2 + {5a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
32
+ (−8a2 + aE2)r5 ]
+ a5[ 18(E +m)r
3 + {15a− 3a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (7.49)
r6
E2 = 10a (7.50)
r1
a2{−3a− 4m(E +m)}+ 4a3(E +m) = 0 (7.51)
r2
a2{−3am− 5a(E +m) + E2(E +m)}
+ a3{−6m(E +m)}+ a4{10(E +m)} = 0 (7.52)
E2 = 10a
a2{−3am+ 5a(E +m)} − 6a3m(E +m)
+ 10a4(E +m) = 0 (7.53)
r3
a2(−4a2 + aE2) + a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)}+ 18a5(E +m) = 0 (7.54)
E2 = 10a
6a2a2 + a3{−5am+ 3a(E +m)}
+ a4{5a− 8m(E +m)}+ 18a5(E +m) = 0 (7.55)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{12a− 10m(E +m)} = 0 (7.56)
4a2a3 + a4{−7am+ a(E +m)}+ a5{12a− 10m(E +m)} = 0 (7.57)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (7.58)
33
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a2{15am− (10a− 12m2)(E +m)}
= {10a−m2 + 11m(E +m)}a5 (7.61)
7.59 7.57
4a2a3 + {−32m2 + 17a− 8m(E +m)}a5 = 0 (7.62)
7.51
a2{3a+ 4m(E +m)}a2
= {(48m2 − 17a)(E +m) + 80am− 8m3}a5 (7.63)
7.61
1400a3 − 10180a2m2 + 6764am4 − 576m6
= (1445a2m+ 448am3 − 1056m5)(E +m) (7.64)
10a = E2
(140a2 − 1004am2 + 576m4)(E +m)
= 1725a2m− 1560am3 + 96m5 (7.65)
7.51
a2(35a
3 + 324a2m2 − 376am4 + 32m6)
= a3(575a
2 − 520am2 + 32m4)m (7.66)
7.60
10(575a2 − 520am2 + 32m4)a4
= (−2525a3 + 3540a2m2 − 1840am4 + 192m6)a2 (7.67)
7.61
3am(−2525a3 + 3540a2m2 − 1840am4 + 192m6)a2
34





a2 − 8am2 + (7am− 24
5
m3)(E +m)} = −18a5(E +m) (7.69)
7.61
− 2450a3 + 18365a2m2 − 12372am4 + 1056m6
+ (2485a2m+ 1084am3 − 2016m5)(E +m) = 0 (7.70)
10a = E2 E +m ̸= 0
(245a2 − 1812am2 + 1056m4)E
= 2730a2m− 728am3 − 960m5 (7.71)
7.65
6125a4 − 165400a3m+ 394640a2m4 − 261888am6 + 46080m8 = 0





a = 0.28m2 E = −1.68m
a = 0.68m2 E = 2.62m
a = 1.6m2 E = −4.0m
a = 24.44m2 E = 15.63m
E > 0 E =
√
10a = 2.62m 15.63m
7.66 7.67 7.68 7.72
a3 =
4(10615a2 − 10574am2 + 1720m4)
35(575a2 − 520am2 + 32m4)
ma2 (7.73)
a4 = −
2(742415a2 − 713144am2 + 143088m4)
245(575a2 − 520am2 + 32m4)
m2a2 (7.74)
a5 = −
12(742415a2 − 713144am2 + 143088m4)
175(62105a2 − 61172am2 + 9888m4)
ama2 (7.75)
κ = +1 r5
a0 = a1 = 0
a3 =
4(10615a2 − 10574am2 + 1720m4)













a2{15am− (10a− 12m2)(E +m)}
= {10a−m2 + 11m(E +m)}a5 (7.61)
7.59 7.57
4a2a3 + {−32m2 + 17a− 8m(E +m)}a5 = 0 (7.62)
7.51
a2{3a+ 4m(E +m)}a2
= {(48m2 − 17a)(E +m) + 80am− 8m3}a5 (7.63)
7.61
1400a3 − 10180a2m2 + 6764am4 − 576m6
= (1445a2m+ 448am3 − 1056m5)(E +m) (7.64)
10a = E2
(140a2 − 1004am2 + 576m4)(E +m)
= 1725a2m− 1560am3 + 96m5 (7.65)
7.51
a2(35a
3 + 324a2m2 − 376am4 + 32m6)
= a3(575a
2 − 520am2 + 32m4)m (7.66)
7.60
10(575a2 − 520am2 + 32m4)a4
= (−2525a3 + 3540a2m2 − 1840am4 + 192m6)a2 (7.67)
7.61
3am(−2525a3 + 3540a2m2 − 1840am4 + 192m6)a2
34





a2 − 8am2 + (7am− 24
5
m3)(E +m)} = −18a5(E +m) (7.69)
7.61
− 2450a3 + 18365a2m2 − 12372am4 + 1056m6
+ (2485a2m+ 1084am3 − 2016m5)(E +m) = 0 (7.70)
10a = E2 E +m ̸= 0
(245a2 − 1812am2 + 1056m4)E
= 2730a2m− 728am3 − 960m5 (7.71)
7.65
6125a4 − 165400a3m+ 394640a2m4 − 261888am6 + 46080m8 = 0





a = 0.28m2 E = −1.68m
a = 0.68m2 E = 2.62m
a = 1.6m2 E = −4.0m
a = 24.44m2 E = 15.63m
E > 0 E =
√
10a = 2.62m 15.63m
7.66 7.67 7.68 7.72
a3 =
4(10615a2 − 10574am2 + 1720m4)
35(575a2 − 520am2 + 32m4)
ma2 (7.73)
a4 = −
2(742415a2 − 713144am2 + 143088m4)
245(575a2 − 520am2 + 32m4)
m2a2 (7.74)
a5 = −
12(742415a2 − 713144am2 + 143088m4)
175(62105a2 − 61172am2 + 9888m4)
ama2 (7.75)
κ = +1 r5
a0 = a1 = 0
a3 =
4(10615a2 − 10574am2 + 1720m4)
35(575a2 − 520am2 + 32m4)
ma2
35
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a4 = −
2(742415a2 − 713144am2 + 143088m4)
245(575a2 − 520am2 + 32m4)
m2a2
a5 = −
12(742415a2 − 713144am2 + 143088m4)
175(62105a2 − 61172am2 + 9888m4)
ama2
1225a3 − 31120a2m2 + 29136am4 − 5760m6 = 0 (7.76)
a = 0.68m2, E = 2.62m
a3 = 1.14a2, a4 = 0.40a2 a5 = 0.043a2
a = 24.44m2, E = 15.63m








8 a0 = a1 = a2 = 0




ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (8.1)
r1
a3{6− κ(κ+ 1)}(E +m) = a3(3 + κ)(2− κ)(E +m) = 0 (8.2)
E +m ̸= 0
a3 = 0 κ = −3 κ = +2 (8.3)
9 κ = −3
a0 = a1 = a2 = 0 κ = −3 8.1
n∑
k=3
ak[ {k(k − 1)− 6}(E +m)rk−2
36
+ {ak(k − 2)− 3a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (9.1)
9.1 n = 3 a3 ̸= 0
k = 3 9.1
a3[ {3a− 3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (9.2)
r4
E2 = 6a (9.3)
r2
a3{−6m(E +m)} = 0 (9.4)
a3 ̸= 0 E +m ̸= 0 m = 0 r3
a3{−5am− 7a(E +m) + E2(E +m)} = 0 (9.5)
E2 = 6a m = 0
a3(−aE) = 0 (9.6)
E = 0
9.2 n = 4 a4 ̸= 0
k = 3, 4
a3[ {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {8a− 3a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4




2(742415a2 − 713144am2 + 143088m4)
245(575a2 − 520am2 + 32m4)
m2a2
a5 = −
12(742415a2 − 713144am2 + 143088m4)
175(62105a2 − 61172am2 + 9888m4)
ama2
1225a3 − 31120a2m2 + 29136am4 − 5760m6 = 0 (7.76)
a = 0.68m2, E = 2.62m
a3 = 1.14a2, a4 = 0.40a2 a5 = 0.043a2
a = 24.44m2, E = 15.63m








8 a0 = a1 = a2 = 0




ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (8.1)
r1
a3{6− κ(κ+ 1)}(E +m) = a3(3 + κ)(2− κ)(E +m) = 0 (8.2)
E +m ̸= 0
a3 = 0 κ = −3 κ = +2 (8.3)
9 κ = −3
a0 = a1 = a2 = 0 κ = −3 8.1
n∑
k=3
ak[ {k(k − 1)− 6}(E +m)rk−2
36
+ {ak(k − 2)− 3a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (9.1)
9.1 n = 3 a3 ̸= 0
k = 3 9.1
a3[ {3a− 3a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (9.2)
r4
E2 = 6a (9.3)
r2
a3{−6m(E +m)} = 0 (9.4)
a3 ̸= 0 E +m ̸= 0 m = 0 r3
a3{−5am− 7a(E +m) + E2(E +m)} = 0 (9.5)
E2 = 6a m = 0
a3(−aE) = 0 (9.6)
E = 0
9.2 n = 4 a4 ̸= 0
k = 3, 4
a3[ {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {8a− 3a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (9.7)
37
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r5 a ̸= 0
E2 = 8a (9.8)
r2
a3{−6m(E +m)}+ a4{6(E +m)} = 0 (9.9)
E +m ̸= 0
a4 = ma3 (9.10)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)} = 0
(9.11)
E2 = 8a a4 = ma3
a3(a− 8m2)(E +m) = 0
a3 ̸= 0 E +m ̸= 0
a = 8m2 (9.12)
E2 = 64m2 (9.13)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)} = 0 (9.14)
2a2 − 7am2 − amE − am2 = 0
∴ E = 8m (9.15)
9.13
κ = −3
a0 = a1 = a2 = 0 a4 = ma3






8a = 8m (9.18)
38
9.3 n = 5 a5 ̸= 0
k = 3, 4, 5
a3[ {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {5a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 14(E +m)r
3 + {15a− 3a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (9.19)
E2 = 10a (9.20)
r2
a3{−6m(E +m)}+ a4{6(E +m)} = 0 (9.21)
E +m ̸= 0
a4 = ma3 (9.22)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)}+ a5{14(E +m)} = 0 (9.23)
E2 = 10a a4 = ma3
a3(3a− 8m2)(E +m) + 14a5(E +m) = 0 (9.24)
E +m ̸= 0
(3a− 8m2)a3 + 14a5 = 0 (9.25)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{12a− 10m(E +m)} = 0 (9.26)
39
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r5 a ̸= 0
E2 = 8a (9.8)
r2
a3{−6m(E +m)}+ a4{6(E +m)} = 0 (9.9)
E +m ̸= 0
a4 = ma3 (9.10)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)} = 0
(9.11)
E2 = 8a a4 = ma3
a3(a− 8m2)(E +m) = 0
a3 ̸= 0 E +m ̸= 0
a = 8m2 (9.12)
E2 = 64m2 (9.13)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)} = 0 (9.14)
2a2 − 7am2 − amE − am2 = 0
∴ E = 8m (9.15)
9.13
κ = −3
a0 = a1 = a2 = 0 a4 = ma3






8a = 8m (9.18)
38
9.3 n = 5 a5 ̸= 0
k = 3, 4, 5
a3[ {−6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {5a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 14(E +m)r
3 + {15a− 3a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (9.19)
E2 = 10a (9.20)
r2
a3{−6m(E +m)}+ a4{6(E +m)} = 0 (9.21)
E +m ̸= 0
a4 = ma3 (9.22)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{5a− 8m(E +m)}+ a5{14(E +m)} = 0 (9.23)
E2 = 10a a4 = ma3
a3(3a− 8m2)(E +m) + 14a5(E +m) = 0 (9.24)
E +m ̸= 0
(3a− 8m2)a3 + 14a5 = 0 (9.25)
r4
a3(−6a2 + aE2) + a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{12a− 10m(E +m)} = 0 (9.26)
39
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m2)(E +m)} = 0 (9.27)
a3 ̸= 0 E +m ̸= 0
aE = 40m3 − 21am (9.28)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (9.29)
E2 = 10a
2aa4 = {9m+ (E +m)}a5 (9.30)
a4 = ma3 −(3a− 8m2)a3 = 14a5
(8m2 − 3a)E = 58am− 80m3 (9.31)
9.28







m2E = 40m3 − 21 · 8
5





a = 40m2 9.28
40m2E = 40m3 − 21 · 40m3 = −800m3 (9.34)
E = −20m < 0
κ = −3 r5
















10a = 4m (9.37)
40
10 κ = +2
a0 = a1 = a2 = 0 κ = +2 8.1
n∑
k=3
ak[ {k(k − 1)− 6}(E +m)rk−2
+ {ak(k − 2)− 8a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (10.1)
10.1 n = 3 a3 ̸= 0
k = 3
a3[ {3a− 8a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (10.2)
r4
E2 = 6a (10.3)
r2
a3{−5a− 6m(E +m)} = 0 (10.4)






10.2 n = 4 a4 ̸= 0
k = 3, 4
a3[ {−5a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {8a− 8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (10.6)
41
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m2)(E +m)} = 0 (9.27)
a3 ̸= 0 E +m ̸= 0
aE = 40m3 − 21am (9.28)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (9.29)
E2 = 10a
2aa4 = {9m+ (E +m)}a5 (9.30)
a4 = ma3 −(3a− 8m2)a3 = 14a5
(8m2 − 3a)E = 58am− 80m3 (9.31)
9.28







m2E = 40m3 − 21 · 8
5





a = 40m2 9.28
40m2E = 40m3 − 21 · 40m3 = −800m3 (9.34)
E = −20m < 0
κ = −3 r5
















10a = 4m (9.37)
40
10 κ = +2
a0 = a1 = a2 = 0 κ = +2 8.1
n∑
k=3
ak[ {k(k − 1)− 6}(E +m)rk−2
+ {ak(k − 2)− 8a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (10.1)
10.1 n = 3 a3 ̸= 0
k = 3
a3[ {3a− 8a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ] = 0 (10.2)
r4
E2 = 6a (10.3)
r2
a3{−5a− 6m(E +m)} = 0 (10.4)






10.2 n = 4 a4 ̸= 0
k = 3, 4
a3[ {−5a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 + {8a− 8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (10.6)
41
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r5
E2 = 8a (10.7)
r2
a3{−5a− 6m(E +m)}+ 6a4(E +m) = 0 (10.8)
r3 E2 = 8a




am+ a(E +m)− 8m2(E +m)} = 0 (10.10)
a3 ̸= 0
35am = 3(a− 8m2)(E +m) (10.11)
r4 E2 = 8a
2aa3 + {−7m− (E +m)}a4 = 0 (10.12)
(7a− 54m2)(E +m) = 83am− 6m3 (10.13)
10.11
a2 − 30am2 + 36m4 = 0 (10.14)
a = (15±
√












































8a = (6 + 2
√
21)m ∼ 15.17m (10.20)
10.3 n = 5 a5 ̸= 0
k = 3, 4, 5
a3[ {−5a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 − 8m(E +m)r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 14(E +m)r
3 + {15a− 8a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (10.21)
r6
E2 = 10a (10.22)
r2
a3{−5a− 6m(E +m)}+ 6a4(E +m) = 0 (10.23)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{−8m(E +m)}+ a5{14(E +m)} = 0 (10.24)
E2 = 10a 10.23 E +m ̸= 0




E2 = 8a (10.7)
r2
a3{−5a− 6m(E +m)}+ 6a4(E +m) = 0 (10.8)
r3 E2 = 8a




am+ a(E +m)− 8m2(E +m)} = 0 (10.10)
a3 ̸= 0
35am = 3(a− 8m2)(E +m) (10.11)
r4 E2 = 8a
2aa3 + {−7m− (E +m)}a4 = 0 (10.12)
(7a− 54m2)(E +m) = 83am− 6m3 (10.13)
10.11
a2 − 30am2 + 36m4 = 0 (10.14)
a = (15±
√












































8a = (6 + 2
√
21)m ∼ 15.17m (10.20)
10.3 n = 5 a5 ̸= 0
k = 3, 4, 5
a3[ {−5a− 6m(E +m)}r2
+ {−5am− 7a(E +m) + E2(E +m)}r3
+ (−6a2 + aE2)r4 ]
+ a4[ 6(E +m)r
2 − 8m(E +m)r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 14(E +m)r
3 + {15a− 8a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (10.21)
r6
E2 = 10a (10.22)
r2
a3{−5a− 6m(E +m)}+ 6a4(E +m) = 0 (10.23)
r3
a3{−5am− 7a(E +m) + E2(E +m)}
+ a4{−8m(E +m)}+ a5{14(E +m)} = 0 (10.24)
E2 = 10a 10.23 E +m ̸= 0
(3a+ 6m2)a3 − 14ma4 + 14a5 = 0 (10.25)
43
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a3{−35am+ (9a− 24m2)(E +m)}+ 42a5(E +m) = 0 (10.26)
r4
a3(−6a2 + aE2)
+ a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{7a− 10m(E +m)} = 0 (10.27)
E2 = 10a
4a2a3 + a4{−7am+ a(E +m)}+ a5{7a− 10m(E +m)} = 0 (10.28)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (10.29)
E2 = 10a
2aa4 = {9m+ (E +m)}a5 (10.30)
10.25 10.28
a4{35a2m− 42am3 + a(3a+ 6m2)(E +m)}
+ a5{−35a2 + 42am2 − 10m(3a+ 6m2)(E +m)} = 0 (10.31)
10.30
−5a2 + 57am2 − 48m4 + (am− 12m3)(E +m) = 0 (10.32)
10.23
a4 =
35a2m− 402am3 + 288m5




−45a3 + 668a2m2 − 2220am4 + 1152m6
42(5a2 − 57am2 + 48m4)
a3 (10.34)
10.23 10.28
a4{25a2m− 6am3 + (29a2 − 30am2)(E +m)}
+ a5{35a2 − 600am2 + 60m4 − (8am+ 120m3)(E +m)} = 0 (10.35)
44
10.30
45a2 − 163am2 + 12m4 + (41am− 72m3)(E +m) = 0 (10.36)
10.32 10.36
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (10.37)
10.37
a = 0.59m2, 2.29m2, 10.73m2 (10.38)
10.32




κ = +2 r5
a0 = a1 = a2 = 0
a4 =
35a2 − 402am2 + 288m4
6(5a2 − 57am2 + 48m4)
ma3
a5 =
−45a3 + 668a2m2 − 2220am4 + 1152m6
42(5a2 − 57am2 + 48m4)
a3
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (10.40)












ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (11.1)
45
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a3{−35am+ (9a− 24m2)(E +m)}+ 42a5(E +m) = 0 (10.26)
r4
a3(−6a2 + aE2)
+ a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{7a− 10m(E +m)} = 0 (10.27)
E2 = 10a
4a2a3 + a4{−7am+ a(E +m)}+ a5{7a− 10m(E +m)} = 0 (10.28)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (10.29)
E2 = 10a
2aa4 = {9m+ (E +m)}a5 (10.30)
10.25 10.28
a4{35a2m− 42am3 + a(3a+ 6m2)(E +m)}
+ a5{−35a2 + 42am2 − 10m(3a+ 6m2)(E +m)} = 0 (10.31)
10.30
−5a2 + 57am2 − 48m4 + (am− 12m3)(E +m) = 0 (10.32)
10.23
a4 =
35a2m− 402am3 + 288m5




−45a3 + 668a2m2 − 2220am4 + 1152m6
42(5a2 − 57am2 + 48m4)
a3 (10.34)
10.23 10.28
a4{25a2m− 6am3 + (29a2 − 30am2)(E +m)}
+ a5{35a2 − 600am2 + 60m4 − (8am+ 120m3)(E +m)} = 0 (10.35)
44
10.30
45a2 − 163am2 + 12m4 + (41am− 72m3)(E +m) = 0 (10.36)
10.32 10.36
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (10.37)
10.37
a = 0.59m2, 2.29m2, 10.73m2 (10.38)
10.32




κ = +2 r5
a0 = a1 = a2 = 0
a4 =
35a2 − 402am2 + 288m4
6(5a2 − 57am2 + 48m4)
ma3
a5 =
−45a3 + 668a2m2 − 2220am4 + 1152m6
42(5a2 − 57am2 + 48m4)
a3
25a3 − 340a2m2 + 804am4 − 360m6 = 0 (10.40)












ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (11.1)
45
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r2
a4{12− κ(κ+ 1)}(E +m) = a4(4 + κ)(3− κ)(E +m) = 0 (11.2)
E +m ̸= 0 κ = ±1,±2,±3, · · · · · ·
a4 = 0 κ = −4 κ = +3 (11.3)
12 κ = −4
a0 = a1 = a2 = a3 = 0 κ = −4
n∑
k=4
ak[ {k(k − 1)− 12}(E +m)rk−2
+ {ak(k − 2)− 8a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (12.1)
12.1 n = 4 a4 ̸= 0
k = 4
a4[ {8a− 8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (12.2)
r5
E2 = 8a (12.3)
r3
a4{−8m(E +m)} = 0 (12.4)
E +m ̸= 0 m = 0 m = 0 r4
−9aE + E3 = 0 (12.5)
E2 = 8a
46
12.2 n = 5 a5 ̸= 0
k = 4, 5
a4[ {−8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 8(E +m)r
3 + {15a− 8a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (12.6)
r6
E2 = 10a (12.7)
r3
−8ma4(E +m) + 8a5(E +m) = 0 (12.8)
E +m ̸= 0
a5 = ma4 (12.9)
r4
a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{7a− 10m(E +m)} = 0 (12.10)
E2 = 10a a5 = ma4
−7am+ a(E +m) + 7am− 10m2(E +m) = 0 (12.11)
E +m ̸= 0
a = 10m2 (12.12)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (12.13)
E2 = 10a a5 = ma4 a = 10m
2
E = 10m (12.14)
12.7 12.12
κ = −4 r5




a4{12− κ(κ+ 1)}(E +m) = a4(4 + κ)(3− κ)(E +m) = 0 (11.2)
E +m ̸= 0 κ = ±1,±2,±3, · · · · · ·
a4 = 0 κ = −4 κ = +3 (11.3)
12 κ = −4
a0 = a1 = a2 = a3 = 0 κ = −4
n∑
k=4
ak[ {k(k − 1)− 12}(E +m)rk−2
+ {ak(k − 2)− 8a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (12.1)
12.1 n = 4 a4 ̸= 0
k = 4
a4[ {8a− 8a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (12.2)
r5
E2 = 8a (12.3)
r3
a4{−8m(E +m)} = 0 (12.4)
E +m ̸= 0 m = 0 m = 0 r4
−9aE + E3 = 0 (12.5)
E2 = 8a
46
12.2 n = 5 a5 ̸= 0
k = 4, 5
a4[ {−8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 8(E +m)r
3 + {15a− 8a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (12.6)
r6
E2 = 10a (12.7)
r3
−8ma4(E +m) + 8a5(E +m) = 0 (12.8)
E +m ̸= 0
a5 = ma4 (12.9)
r4
a4{−7am− 9a(E +m) + E2(E +m)}
+ a5{7a− 10m(E +m)} = 0 (12.10)
E2 = 10a a5 = ma4
−7am+ a(E +m) + 7am− 10m2(E +m) = 0 (12.11)
E +m ̸= 0
a = 10m2 (12.12)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (12.13)
E2 = 10a a5 = ma4 a = 10m
2
E = 10m (12.14)
12.7 12.12
κ = −4 r5
a0 = a1 = a2 = a3 = 0 a5 = ma4
47
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10a = 10m (12.17)
13 κ = +3
a0 = a1 = a2 = a3 = 0 κ = +3
n∑
k=4
ak[ {k(k − 1)− 12}(E +m)rk−2
+ {ak(k − 2)− 15a− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (13.1)
13.1 n = 4 a4 ̸= 0
k = 4
a4[ {8a− 15a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ] = 0 (13.2)
r5
E2 = 8a (13.3)
r3
−7a = 8m(E +m) (13.4)




13.2 n = 5 a5 ̸= 0
k = 4, 5
a4[ {−7a− 8m(E +m)}r3
+ {−7am− 9a(E +m) + E2(E +m)}r4
+ (−8a2 + aE2)r5 ]
+ a5[ 8(E +m)r
3 + {15a− 15a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (13.5)
r6
E2 = 10a (13.6)
r3
a4{−7a− 8m(E +m)}+ 8a5(E +m) = 0 (13.7)
r4 13.6
a4{−7am+ a(E +m)} − 10m(E +m)a5 = 0 (13.8)
4(a− 10m2)(E +m) = 63am (13.9)
r5
a4(−8a2 + aE2) + a5{−9am− 11a(E +m) + E2(E +m)} = 0 (13.10)
E2 = 10a a ̸= 0
2aa4 = {9m+ (E +m)}a5 (13.11)
13.8
(E − 20m)(E + 4m) = 0 (13.12)
E > 0
E = 20m (13.13)
E2 = 10a = 400m2 (13.14)
a = 40m2 (13.15)
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13.8
(E − 20m)(E + 4m) = 0 (13.12)
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10a = 20m (13.19)




ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (14.1)
r3
a5{20− κ(κ+ 1)}(E +m) = a5(5 + κ)(4− κ)(E +m) = 0 (14.2)
E +m ̸= 0
a5 = 0 κ = −5 κ = +4 (14.3)
n = 5
a5[ {15a− aκ(κ+ 2)− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.4)
50
κ = −5
a5[ {15a− 15a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.5)
E2 = 10a (14.6)
r4
a5{−10m(E +m)} = 0 (14.7)
m = 0 E +m = 0 m = 0 r5
−11a+ E2 = 0 (14.8)
14.6 κ = −5
κ = +4
a5[ {15a− 24a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.9)
r6 14.6 r4




−m < 0 (14.10)
15 Dirac
V (r)
V µ(r) = V (r)δµ0 (15.1)
Dirac F (r) 2.12







































10a = 20m (13.19)




ak[ {k(k − 1)− κ(κ+ 1)}(E +m)rk−2
+ {ak(k − 2)− aκ(κ+ 2)− 2mk(E +m)}rk−1
+ {−am(2k − 1)− a(2k + 1)(E +m) + E2(E +m)}rk
+ (−2a2k + aE2)rk+1 ] = 0 (14.1)
r3
a5{20− κ(κ+ 1)}(E +m) = a5(5 + κ)(4− κ)(E +m) = 0 (14.2)
E +m ̸= 0
a5 = 0 κ = −5 κ = +4 (14.3)
n = 5
a5[ {15a− aκ(κ+ 2)− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.4)
50
κ = −5
a5[ {15a− 15a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.5)
E2 = 10a (14.6)
r4
a5{−10m(E +m)} = 0 (14.7)
m = 0 E +m = 0 m = 0 r5
−11a+ E2 = 0 (14.8)
14.6 κ = −5
κ = +4
a5[ {15a− 24a− 10m(E +m)}r4
+ {−9am− 11a(E +m) + E2(E +m)}r5
+ (−10a2 + aE2)r6 ] = 0 (14.9)
r6 14.6 r4




−m < 0 (14.10)
15 Dirac
V (r)
V µ(r) = V (r)δµ0 (15.1)
Dirac F (r) 2.12















− {E − V (r) +m}2 {E − V (r)−m}G(r) (15.2)
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V (r) = br (15.3)
15.2











− (E − br +m)2 (E − br −m)G(r) (15.4)





























































ak[k(k − 1)rk−2 − 2βkrk−1 + {−2α(2k + 1) + β2}rk





ak[ {k(k − 1)(E +m)− κ(κ+ 1)(E +m)}rk−2
+ {−bk(k − 1)− 2βk(E +m) + bk + bκ(κ+ 1) + bκ}rk−1
+ {2bβk − 4αk(E +m)− 2α(E +m) + β2(E +m)
− bβ + (E +m)2(E −m)}rk
+ {4bαk − bβ2 + 4αβ(E +m)
− b(E +m)2 − 2b(E +m)(E −m)}rk+1
+ {−4bαβ + 4α2(E +m) + b2(E −m)− 2b2(E +m)}rk+2
+ (−4bα2 − b3)rk+3 ] = 0 (15.13)







−4bαβ − b2(E +m) + b2(E −m)− 2b2(E +m) = 0 (15.14)
b ̸= 0
β = − b
2α
(E + 2m) (15.15)
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1. E =
√
8a = (6 + 2
√













10a = 4.78m for a = 2.29m2







35a2 − 402am2 + 288m4
6(5a2 − 57am2 + 48m4)
ma3 ∼ 1.33ma3
a5 =
−45a3 + 668a2m2 − 2220am4 + 1152m6









































κ = −1 E =
√
4a = 4m G(r) = a1(r +mr
2) e−2m
2r2−mr
κ = −2 E =
√
6a = 6m G(r) = a2(r
2 +mr3) e−3m
2r2−mr
κ = −3 E =
√
8a = 8m G(r) = a3(r
3 +mr4) e−4m
2r2−mr
κ = −4 E =
√
10a = 10m G(r) = a4(r
4 +mr5) e−5m
2r2−mr
κ = −n E =
√
2(n+ 1)a = 2(n+ 1)m G(r) = an(r
n +mrn+1) e−(n+1)m
2r2−mr
n = 1, 2, 3, 4, · · ·
κ
κ = 1 E =
√
6a ∼ 10.32m G(r) = a2(r2 + 2.18mr3)e−ar
2/2−mr
κ = 2 E =
√
8a ∼ 15.165m G(r) = a3(r3 + 2.48mr4)e−ar
2/2−mr
κ = 3 E =
√




κ = −1 E =
√
6a ∼ 2.32m G(r) = a1(r +mr2 + 0.216m2r3)e−ar
2/2−mr
κ = −2 E =
√
8a ∼ 3.165m G(r) = a2(r2 +mr3 + 0.224m2r4)e−ar
2/2−mr
κ = −3 E =
√
10a = 4m G(r) = a3(r
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